A complex solid torus model was developed in order to be able to study an extreme solar storm, the so-called "Great Storm" or "New York Railroad Storm" of May 1921, when neither high spatial and time resolution magnetic field measurements, solar flare nor coronal mass ejection observations were available. We suggest that a topological change happened in connection with the occurrence of the extreme solar storm. The solar storm caused one of the most severe space weather effects ever.
Introduction
Today's high-tech society has become very vulnerable to strong solar storms, such as coronal mass ejections (CMEs) and solar flares. Fast Earth-directed CMEs may cause severe geomagnetic storms with large dB/dt variations and accompanied problems for the power industry (Lundstedt, 2006) . Intense solar flares may cause problems for HF communications and aviation. Sixteen regional warning centres (RWCs) within the International Space Environment Service (ISES) provide world-wide forecast services of solar storms and space weather effects. RWC-Sweden (Swedish Space Weather Center) is operated by the Swedish Institute of Space Physics (IRF), in Lund. We offer warnings and forecasts based on space-and ground-based observations. Agencies around the world, among them the Swedish Civil Contingencies Agency (MSB), now work together in order to prepare for severe space weather effects. However, the latest research and observations show that we lack the necessary knowledge to understand and warn for extreme solar storms and possible severe geoeffects. Historical records and astronomical observations of solar-type stars also tell us that we may be exposed to much stronger solar storms in the future. Flares up to a thousand times stronger have been observed on a solar-like star (Maehara et al., 2012) . It is important to have warning of severe/extreme solar storms several days ahead, far enough in advance to be able to take action. Recent studies of extreme solar storms (Cannon, 2013) suggest that they occur much more often than just every 150 years and also that they can occur at any time during the sunspot cycle, i.e. not just close to solar maximum; they can occur even during weak sunspot cycles such as the present solar cycle 24. The most famous extreme solar storm, in September 1859, occurred during a weak cycle. This event, the so-called Carrington event, is often used as a measure of the most extreme solar storm and has been called a super solar storm. However, at that time solar magnetic fields were not measured, making it difficult to classify as an extreme solar storm (Lundstedt, 2010 (Lundstedt, , 2012 . In 1908 George Hale at Mount Wilson (MW) Observatory was able to measure the solar magnetic field using the Zeeman effect, a breakthrough in the search for a pattern behind solar activity and solar storms. In this paper we describe an attempt to use changes of the magnetic complexity to understand the extreme solar storm of May 1921, the first extreme event for which solar magnetic field measurements are available. up until 19 May at 61
• on the west limb. Only the group following the Hale polarity law survived to the next rotation and appeared at the centre of the Sun on 10 June (Tamm, 1922) . As can be seen in Fig. 1 , only one small active region (AR 1844) appeared at the same time. Whether connected activity took place on the Earth-facing side of the Sun or not is hard to tell since the observer focused on AR 1842 (Title, 2012) .
The active region 1842 in 12-16 May 1921 (RGO, 1955 Silverman and Cliver, 2001; Tamm, 1922) showed magnetic complexity (β-γ ) and was located between 26
• E and 27
• W longitude at low latitude (Fig. 2) . The spot group, Greenwich number 9334, had a large mean area of 1324 millionths of the Sun's visible hemisphere. The region 9334 with three large sunspots showed large flux changes especially on 12 May, but fluxes also disappeared and new fluxes emerged on 13 and 14 May 1921. The observer Eddison Petit at Mount Wilson made a note on the drawing that both H-alpha and K lines were bright, i.e. we also had strong solar flares on 12 May. We also notice a rotation of both sunspot groups, from having a line of polarity separation parallel to the equator to one perpendicular to it. When the large region after 12 May was broken up into two regions, the left started to rotate counter clockwise and the right clockwise. New negative flux was also seen to emerge on 14 May. Mount Wilson measured very strong magnetic flux densities of between +0.34 and −0.35 T (Fig. 2) . These values have been corrected (Livingston et al., 2006) to +0.35 and −0.36 T. We notice that reduction of magnetic complexity took place at the times of the solar storms. Interestingly, Schrijver (2009) suggests in his review that the emergence of twisted flux ropes into preexisting strong field plays a critical role for many, if not all, of the active regions that produce M-or X-class flares. As for the Carrington event, the solar storms 9334 in 1921 occurred during a moderate sunspot cycle and during the declining phase of cycle 15.
Terrestrial effects
Geomagnetic storm activity occurred mainly at about 20:00 UT on 13 May (Royal Greenwich Observatory, 1955) , at 21:00-24:00 UT on 14 May and at 04:00-06:00 UT on 15 May (Silverman and Cliver, 2001) . A sudden commencement (S.C.) and arrival of the first CME occurred at 13:10 UT on 13 May (Royal Greenwich Observatory, 1955) . The next S.C. occurred at 22:20 UT on 14 Ma (Silverman and Cliver, 2001 ) and signalled the arrival of a new CME. The first CME may have cleared the way for the second one in the same way as occurred in an extreme solar storm on 23 July 2012 (Baker et al., 2013) . Interestingly, a value for the rate of change of the horizontal component of the geomagnetic field dBh/dt as high as about 5000 nT min −1 has been estimated for 14-15 May in Sweden (Kappenman, 2006) . At 00:00 UT (02:00 local time) in the morning of 15 May a fire occurred in a telegraph station in Karlstad, Sweden (Em, 1921) . Aurora was observed as close to the magnetic equator as Samoa (Silverman and Cliver, 2001) , making the 1921 event one of the strongest space weather events ever reported.
Complex topological models
In order to be able to study an extreme solar storm, such as the one in May 1921, i.e. before high spatial and timeresolved vector magnetic field measurements and velocity measurements existed, we developed a complex torus model. The complexity is mathematically produced by an iterative mapping of a torus of magnetic flux tubes (Fig. 3) .
A complex solid torus (Devaney, 2003) model was developed in order to address three questions:
1. Can parameters describing the complexity be extracted using a solid torus model from a picture of magnetic flux distribution or magnetogram? 2. Can the solid torus model be used to reconstruct magnetograms and also make a study of the evolution of the active regions?
3. Can a probable explanation be found of the extreme solar storm of May 1921?
Let us start with the first question.
A complex solid torus model of magnetograms and information extraction
We can parameterize the torus T with the coordinates (θ, z) where 0 ≤ θ < 2π and z ∈ C, |z| ≤ 1. Let a be an integer, a ≥ 1, b ∈ C, |b| < 1, c ∈ C, and d an integer, d ≥ 1 (unless a = 1 in which case d ≥ 0) and gcd(a, d) = 1 (Fig. 3 to the left). Consider the map (Katok and Hasselblatt, 2006 )
Hence F maps the torus into a torus that has been "folded" a times.
We assume that b and c are chosen so that F maps the torus into itself. Consider the set F (T) at the section θ = θ 0 . The parameter a is the number of connected components of F (T). The preimages of the points in F (T) at the section θ = θ 0 are the points with
Hence, the section of F (T) at θ = θ 0 is the set
We can therefore get some information about the parameters according to the picture to the right in Fig. 3 . For k = 0, 1, . . ., a − 1 we have
where φ k is defined in Fig. 3 and γ is such that c = |c|e iγ . We have now seen that we can extract complexity parameters from a picture.
Let us now address the second question and try to reproduce magnetograms from different values of these complexity values for the torus.
Reconstruction of magnetograms using the torus model
With b = |b|e iδ we can write the map F as
By changing the values of a, b, c, d and the angle θ we can describe by F n (T), where the number of iterations n is a positive integer, a linked, a twisted and writhed solid torus. The parameter a describes how many times the curve winds about the centre, |b| changes the thickness of the image of the solid torus, |c| determines the separation of the solid torus parts in the cross-sectional planes, (a − 1)d is the linking number of the image of the solid torus and finally the parameter δ determines the twist of the torus. The solid torus is then cut along its circular axis in two parts. These are the blue and red parts shown in Fig. 4 . The two parts will be treated as positive and negative poles.
In Fig. 4 we give a couple of examples. The first solid torus to the left shows the original torus. By changing the parameter d to 1 or 3 we obtain a one-or a three-linked torus. By changing δ from 0 to 2 for the original torus we obtain a twisted torus. Finally by changing the c to 1 and d to 3 for the original torus we obtain a writhed torus.
We cut the torus at an angle θ and then calculate a simulated magnetogram from this cut as follows: for each point y in the simulated magnetogram, the intensity is given by the integral
where the integral is over all point x in the cut, and dV denotes the area measure. The function ρ(x) is defined to be 0 if x is outside the torus, and ρ(x) = ±1 depending on which part of the torus x is in. In the computer, this integral is approximated by a finite sum. We can also simulate magnetograms at any time in between. The colour code has been chosen to be the same as for observed HMI, SDO magnetograms. The most simple simulated magnetogram is obtained by taking a cut of the original torus into two adjacent tori with halved cross-sectional area (treated as positive and negative poles) and a grid of values is calculated based on their inverse distance squared. We may then e.g. map the torus once (n = 1), and take cuts at θ = 120
• or θ = 360
• and obtain the other magnetograms (Fig. 5) .
The solenoid is an attractor which is contained in a "solid torus" (Devaney, 2003) . We would therefore expect iterating F should produce fractal magnetograms.
The magnetograms in Fig. 6 show exactly that. Before trying to reproduce the magnetograms of May in 1921 we give two examples of more recent magnetograms observed by HMI on SDO (Fig. 7) . As can be seen we capture the general structure, but a more fractal structure should have been included. For more complicated regions we also need 
Reconstruction of the magnetograms describing the extreme solar storm of 1921
Finally, we address the third question. We will reproduce the magnetograms of May 1921 and then try to understand what caused the extreme solar storm and when it occurred. We use four tori to reproduce the magnetograms for 12 to 16 May (Fig. 8) . It is assumed that these four tori are connected. The parameter sets used are displayed in Table 1 .
We start with 12 May at 18:00 UT and after the break-up into two major regions which seems to have taken place on 13 May UT morning. We then try to reproduce the changes in the magnetograms topologically, i.e. by continuous change of θ and z. On 13 May the left region starts to rotate anticlockwise to follow the Hale law. The right region starts to rotate clockwise. On late 13 to early 14 May we notice both emerging of flux and large rotations especially for the active re- gion right-hand side. A dramatic change seems to take place. We were unable to reproduce the observed magnetograms by continuous changes of θ and z, but had to rotate the simulated magnetogram. We therefore find it probable that this rotation, caused by the opposite rotation of the two main pairs of opposite polarity, produced a topological change and that reconnection had taken place which would have explained the energy release and thus the extreme solar storm of 14 May. The CME then reached Earth at about 22:00 UT on 14 May. 
Further research
There are many possible extensions of the solid torus approach. A natural extension is to start trying to reconstruct magnetograms of higher time and spatial resolution, such as the magnetograms produced by HMI onboard SDO , something we have already prepared for. With measurements of vector magnetic fields we will be able to make estimation of the energy release and give a better description of the magnetic complexity. It would be very interesting to try to estimate the energy released during the extreme solar storm based on the change of the complexity parameters of the torus. Berger (1993) estimated that the free energy E m , stored in the braided field, is proportional to the square of the crossing number C min :
where is the magnetic flux of the flux tubes, N the number of strands of the braid (= flux tubes) and L the length. The linking numbers are closely related to the average crossing number, which is an algebraic measure of the link complexity in space (Ricca, 2002) . Interestingly it is also found (Berger and Asgari-Targhi, 2009 ) that the energy released due to reconnection of the braids in the coronal loops follows a powerlaw distribution, i.e. is fractal.
We have used several solid tori to describe large complex active regions and the evolution. It would also be interesting to study the small-large-scale magnetic field coupling as seen at times of solar flares and the Hale Solar Sector Boundary (Svalgaard et al., 2011; Lundstedt et al., 1980) . How quickly might a severe solar storm develop into an extreme storm? With an estimate of the energy release based on the parameters of the torus, this would be an interesting issue to examine. In the case of the 1921 event it took less than a week. During the Halloween events in 2003 (Weaver et al., 2004) it also took less than a week between the severe solar storms of 28 and 29 October and the extreme solar storm of 4 November. During the most recent event in July 2012 it took more than a week when the active region was on the far side . The solar storms of AR 11 520 in July 2012 reached a β-γ -δ. For that occasion we can also use the parameters describing the complexity based on SDO observations and available complexity parameters through Space weather Helioseismic and Magnetic Imager Active Region Patches (SHARP) , something which will be further discussed in an upcoming paper. The region grew to a size of 1460 millionths, an intrusion of negative polarity flux occurred in the positive umbra of the spot on 12 July at 13:00 UT and disappeared on 14 July at 09:00 UT. It produced an X 1.4 solar flare. A halo CME also occurred producing a proton event of about 100 pfu. An interesting coronal S-shaped sigmoid structure occurred just before the onset of the solar flare. One may therefore suspect that a kink instability occurred (Török et al., 2010) . Not until it was on the far side did the active region 11 520 become an extreme solar storm. On 23 July it produced a very fast CME of 3400 km s −1 (Baker et al., 2013) . We therefore expect that an extreme solar storm occurred on the far side of the Sun. Based on observations by STEREO of the velocity and magnetic field, a model was used to calculate a hypothetical dB/dt if the CME was headed toward Earth. A value somewhat larger than 1000 nT min −1 was found, making it a candidate for an extreme solar storm. The geomagnetic storm index for the 2012 event was estimated as −1154 nT, larger than that of the Carrington event at −850 nT .
Finally, a follow-up of the work in Lundstedt and Persson (2010) would be to examine whether or not the seeming lack of coupling between the intensity of the extreme solar storms and intensity of the cycle has been the case only for recent cycles.
Summary
Magnetic field measurements carried out at the Mount Wilson Observatory as long ago as 1908 have made it possible for us to interpret the extreme solar storm in May 1921 based on the change and complexity of the magnetic field. In this paper we describe an attempt based on a complex solid torus model. A topological change is suggested at the time of the extreme solar storm. The model also makes it possible to study the development of an active region. The model will be further developed in order to even make use of today's magnetic field measurements by HMI onboard SDO . The use of the SHARP service would make it operational. Being able to warn when a severe solar storm will develop into an extreme one is of great importance in order to be able to mitigate the effects for society.
